GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, IV 
NONRESONANT EIGENVALUES 



DANIEL C. COHENt AND PETER ORLIK* 

Abstract. An arrangement is a finite set of hyperplanes in a finite dimen- 
sional complex affine space. A complex rank one local system on the arrange- 
ment complement is determined by a set of complex weights for the hyper- 
planes. We study the Gauss-Manin connection for the moduli space of ar- 
rangements of fixed combinatorial type in the cohomology of the complement 
with coefficients in the local system determined by the weights. For nonreso- 
nant weights, we solve the eigenvalue problem for the endomorphisms arising 
in the 1-form associated to the Gauss-Manin connection. 



1. Introduction 

Let A = {Hi, . . . , H n } be an arrangement of n ordered hyperplanes in C e , with 
complement M = M(A) — C \ U"=i Hj- Assume that A contains £ linearly in- 
dependent hyperplanes. A complex rank one local system on M is determined by 
a collection of weights A = (Ai, . . . , A„) G C™. Associated to A, we have a repre- 
sentation p : 7Ti(M) — > C*, given by 7^ 1— > exp(— 27riAj) for any meridian loop 7^ 
about the hyperplane Hj of A, and an associated local system C on M . For weights 
which are nonresonant in the sense of Schechtman, Terao, and Varchenko . the 
local system cohomology vanishes in all but one dimension, H q (M; C) = for q ^ £. 
Parallel translation of fibers over curves in the moduli space of all arrangements 
combinatorially equivalent to A gives rise to a Gauss-Manin connection on the vec- 
tor bundle over this moduli space with fiber H e (M;C). This connection arises in 
a variety of applications, including the Aomoto-Gelfand theory of hypergeometric 
integrals IT2| . and the representation theory of Lie algebras and quantum 
groups As such, it has been studied by a number of authors, including 

Aomoto pQ , Schechtman and Varchenko |14l IT?)| , Kaneko ^Oj j and Kanarek [H] . 

Denote the combinatorial type of A by T. The moduli space of all arrangements 
of type T is determined by the set of dependent collections of subsets of hyperplanes 
in the projective closure of A in C¥ e , see Let B(T) be a smooth, connected 
component of this moduli space. There is a fiber bundle p : M(T) — > B(T) whose 
fibers, p _1 (b) = Mb, are complements of arrangements Ao of type T. Since B(T) is 
connected, Mb is diffeomorphic to M. The fiber bundle p : M(T) — » B(T) is locally 
trivial. Consequently given a local system on the fiber, there is an associated flat 
vector bundle H — > B(T), with fiber H e (Mt>', £b) at b G B(T). For nonresonant 
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weights, Terao ^Sl showed that the Gauss-Manin connection on this vector bundle 
has connection 1-form 



where Qt> is a logarithmic 1-form on the closure of B(T) with a simple pole 
along the divisor corresponding to the codimension one degeneration T of T, and 
£l\(T',T) is an endomorphism of H e (M;C). For general position arrangements, 
this Gauss-Manin connection was found by Aomoto and Kita Terao [R)\ com- 
puted this connection for a larger class of arrangements. In 0], we determined the 
"Gauss-Manin endomorphisms" Cl\(T',T) for all arrangements. The aim of this 
paper is to solve the eigenvalue problem for these endomorphisms. 

Identify the hyperplanes of A with their indices. An edge of A is a nonempty 
intersection of hyperplanes in A. An edge is dense if the subarrangement of hy- 
perplanes containing it is irreducible: the hyperplanes cannot be partitioned into 
nonempty sets so that, after a change of coordinates, hyperplanes in different sets 
are in different coordinates, see For an edge X, define Ax = J2xch A?- Let 
Aoo = A U H n+ i be the projective closure of A, the union of A and the hyper- 
plane at infinity in CP^, see ^2j- Set A„+i = — X)?=i^j- Schechtman, Terao, 
and Varchenko |13| . refining work of Esnault, Schechtman, and Viehweg [B], found 
conditions on the weights which insure that the local system cohomology groups 
vanish except in the top dimension. They proved that if M is the complement 
of an arrangement A in C £ of combinatorial type T with £ linearly independent 
hyperplanes and £ is a rank one local system on M whose weights A satisfy the 
condition 



then W(U;£) = for q ^ I and dimH e (M-,C) = |x(M)|, where x(M) is the Euler 
characteristic of M. These conditions depend only on the type T, so we call weights 
satisfying them T-nonresonant. 

Throughout this paper, we assume that A contains £ linearly independent hyper- 
planes, hence n > £, and that A is T-nonresonant. We consider only codimension 
one degenerations of combinatorial types and refer to these as simply degenerations. 

Theorem. Let T be a degeneration of T , and let X be a collection of generic 
T-nonresonant weights for the rank one local system C. Then the Gauss-Manin 
endomorphism Q\(T' , T) is diagonalizable. The spectrum of$l\(T',T) is contained 
in the set {0, As}, where As = J2jes ^3 f or some & C {1, . . . , n + 1}. 

The set S is part of a pair (S, r), called the principal dependence of the degener- 
ation T' of T, see Theorem 13. 21 It follows from our results in Sections [21 HI and[S] 
that weights A which satisfy As ^ are sufficiently generic. Our results also yield 
an algorithm for determining the multiplicities of the eigenvalues, see Remark 15.31 

Let Q denote the combinatorial type of a general position arrangement of n 
hyperplanes in C l . The cohomology of the complement of an arrangement of type 
Q is the rank £ truncation, A* (Q), of the exterior algebra on n generators e^, 
j G [n], where [n] = {l,...,n}, corresponding to the hyperplanes. The Orlik- 
Solomon algebra A' (A) ~ H'(M(A);C) is generated by one dimensional classes 
aj, j £ [n]. It is the quotient of A' (Q) by a homogeneous ideal, /*(^4), hence it is a 
finite dimensional graded C-algebra [H]. It is known that A' (A) depends only on 
the combinatorial type T of A so we may write A' (T) . 



(1.1) 




Ax ^ Z> for every dense edge X of A, 
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Weights A yield an element a\ = X)j=i ^j a j m an( i multiplication by 

a\ gives A*(T) the structure of a cochain complex. The resulting cohomology 
H'{T) = H m (A'(T),a x ) is a combinatorial analog of H'(M(A); C). If the weights 
are T-nonresonant, then H'(M(A); C) ~ H'(A'(T), a\) and the only (possibly) 
nonzero group H e (T) has the /3nbc basis of Falk and Terao |JJ. This basis provides 
an explicit surjection r : H t {Q) — » H e (T). Our results in 0] yield a commutative 
diagram of endomorphisms for each degeneration T 1 of T: 



(1.2) 



H l (T) 



The endomorphism ilx^',^) of H e (Q) is induced by an endomorphism oj^(T',7") 
of A £ (g), see 0, (ES, and Theorem IO 

Here is a brief outline of the paper. In Sectional we recall the Aomoto complex 
and the "formal Gauss-Manin connection matrices" of J5. which are essential in our 
arguments. We recall the moduli space of combinatorially equivalent arrangements 
in Section and identify the principal dependence (S, r) of the degeneration T of 
T. Using the principal dependence, we construct a realizable type T(S, r) and an 
endomorphism £l\(S, r) of H e (Q). In Section^] we determine the eigenstructure of 
the endomorphism £l\(S, r). In Section[Sl we show that Q,\(T' , T) may be replaced 
by £l\(S,r) in ljl.2|l and thereby determine the eigenstructure of £l\(T' ,T). Wc 
conclude with several examples to illustrate the main result. 



2. General position 

In this section, we record a number of constructions in the Orlik-Solomon com- 
plex of a general position arrangement which will be used subsequently. 

Let Q = Gn be the combinatorial type of a general position arrangement of n 
hyperplanes in C , where n > £. The Orlik-Solomon algebra A'(Q) is the rank t 
truncation of an exterior algebra on n generators. Let T — {ix, ■ ■ ■ ,i q } C [n]. If 
order matters, we call T a g-tuple and write T = (ii, . . . , i q ) and er = • • ■ e» . 
The algebra A'(G) is generated (as an algebra) by {ej \ 1 < j < n}, and has 
(additive) basis {er}, where = 1 if T = 0, and T ^ is an increasingly ordered 
tuple of cardinality at most I. 

Define a map d : A^(G) -> A q ^ 1 (G) by d{e T ) = ELit- 1 )*" 1 ^ > where T k = 
(ii, . . . , if., . . . , i q ) if T = (ii, . . . ,i q ). Then d o d — 0, providing A'(G) with the 
structure of a chain complex 

(2.1) (A'(G), d) : A (<S) ^A 1 (G)< <— A l -\G) ^ A l (G) 

It is well known that the homology of this complex is concentrated in the top 
dimension, H q (A(G), d) = for q ^ I. The dimension of the unique nontrivial 
homology group is (3(n,£) = dim H e (A'(G),d) = ELoMTO = (V)- 

Weights A = (Ai, . . . , A„) € C™ determine an element e\ = Y^j=i ^j e j m ^(G)- 
Since A*{G) is a quotient of an exterior algebra, we have e\e\ = 0. Consequently, 
multiplication by e\ defines a cochain complex 

(2.2) (A'(G),e x ): A°(Q) ^ A\G) — » ► A l -\Q) ^ A l (G) 
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If A 7^ 0, it is well known that the cohomology of this complex is concentrated in the 
top dimension, H q (A'(Q), e x ) = for q ^ £, and that dim H l {A*{G), a\) = f3(n,£). 

The endomorphism u>\(T',T) of A e (Q) which induces the map Q\(T',T) : 
H e (Q) — > H e (Q) of i|1.2[l is the specialization at A of a "formal Gauss-Manin con- 
nection endomorphism" given in [H] and in l|3.3|) . The latter is a linear combi- 
nation of endomorphisms cu' of the Aomoto complex (A R (Q),e y ) of Q, a univer- 
sal complex for the cohomology H m (A m (Q), e\). The Aomoto complex has terms 
A q R (Q) = A q (Q) ® R, where R = C[j/i, . . . ,y n ] is the polynomial ring, and the 
boundary map is given by multiplication by e y = 5Z™ =1 Uj e j- 

The endomorphisms u> ' correspond to subsets S of [n + 1] , the index set of the 
projective closure of the general position arrangement in CP^, Goo- The symmetric 
group £ n +i oan + 1 letters acts on A*(Q) by permuting the hyperplanes of Qoo, 
and on R by permuting the variables yj, where y n +i — — Sj=i2/j- I n the basis 
{ e j I 1 < 3 ' < n } for the Orlik-Solomon algebra, the action of a G S ra +i is given by 
a(e.i) — e CT (i) if a(n + 1) = n+ 1, and by 



if er(n + 1) 7^ n + 1. Denote the induced action on the Aomoto complex by <j> a : 

<j>A e n ■ ■ ' e i P ®f(Vl> ■ ■ -,yn)) = cr(e ll ) ■ ■ ■ cr(e ip ) <g> . 

Lemma 2.1. For eac/i cr G i/ie map 0<j is a cochain automorphism of the 

Aomoto complex (A R (Q),e y ). 

If T = (ix,...,ip) C [n] is ap-tuple, then (j, T) — (j, i\, . . . , i p ) is the (p+l)-tuple 
which adds j with 1 < j < n to T as its first entry. For S* = {si, . . . , s^} C [n + 1], 
let o"5 denote the permutation ( * s 2 2 * ) . Write £ = T if S and T are equal sets. 

Definition 2.2. LetT be ap-tuple, S aq+1 element subset of[n+l], and j G [n]. 
If S = Sq = [q + 1], define the endomorphism w* o : e y ) — > (j4Jj(C?), e y ) 6?/ 



IfS^S , define u' s = <p as o cj' o o 

One can check that this agrees with the case by case definition in Def. 4.1]. 

Proposition 2.3 ( Si, Prop. 4.2]). For every subset S of [n + 1], the map ui' is a 

cochain homomorphism of the Aomoto complex (A R (Q),e y )). 

For So = [s], 1 < q < t, and 1 < r < min(a, s — 1), consider the sets V|' r and 
W|^ r of elements in A q R {Q) given by 



Wl; r = {e So eK (ifg>s)}|J{(^j)eK | | J| > r + 1} \J{vs eje K \ \J\>r}, 

where J C So, if C [n] \ So, and Vs = £ ieS !/ <ei . Let B % = ^IfUW^. If 
5 C [n + 1] and S + So, define /3|' r = {<i> as {v) \ v G B^}. Define V|' r and W|' r 





Vj de U-T) tfP = Q and So = {j, T), 
Cydex if p = q + 1 and So = T , 
otherwise. 
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analogously. Given weights A = (Ai,...,A n ), let Bg' r (\) — {v\ Vi ^x i \ v e Bg' r } 
denote the specialization of Bg' r at A, a sets of vectors in A q (Q). Define V|' r (A) 
and yV|' r (A) analogously. We will abuse notation and write rjs = SiGS ^ iei wnen 
working in the Orlik-Solomon algebra. Note that dr/s = Xs = J2ies 

Lemma 2.4. If Xg 0, the set of vectors £>g' r (A) spans the vector space A q (Q). 

Proof. It suffices to consider the case S = So- 
First, we show that the set {dej \ \ J\ = r + l}{J{i]sej \ \ J\ = r — 1} spans 
A r {Q s s ), where Q s s is a general position arrangement of s hyperplanes (indexed by 
S) in C s . For this arrangement, both the chain complex (A*(Q^),d) of i|2.1[l and 
the cochain complex (A'(Q^),e\) — (A'(Q^),ris) of (|2.2() are acyclic, and 

dim rm[«9 : A r+1 (G S S ) 

dimimfrs:^- 1 ^!) 

Note that dim A r {Q s s ) = (*) = + (*:*). 

Supposes G span{9ej | |J| = r+l}n span{?7sej | |J| = i — 1}. Then dx = 0, and 
x = Vsy for some y £ A r ^ 1 {Q s s ). So 9a; = d{rjsy) = \sU — Vsdy = 0. Since As ^ 0, 
we can write y — cqsdy, where c = I/A5. But this implies that x — r\gy = 0. 
Consequently, {dej | | J| = r + 1} Ufeej | | J| = r - 1} spans 

Using this, a straightforward exercise shows that the set of vectors £> s ' r (A) spans 
the vector space A q {Q) = A q {Q l n ). □ 



^(g|)]=/3( S ,r) 



s - 1 
r 



-/3(*,r) = 



s - 1 
r - 1 



3. Principal dependence 

Let T be the combinatorial type of the arrangement A of n hyperplanes in 
with n > £ > 1. We consider the family of all arrangements of type T. Recall that 
.A is ordered by the subscripts of its hyperplanes and we assume that A, and hence 
every arrangement of type T, contains £ linearly independent hyperplanes. 

Choose coordinates u = (m, . . . , ue) on C £ . The hyperplanes of an arrangement 
of type T are defined by linear polynomials ctj = 6^0 + J2j=i i,jUj (i = 1, • ■•,ri)- 
We embed the arrangement in projective space and add the hyperplane at infinity 
as last in the ordering, H n+ \. The moduli space of all arrangements of type T may 
be viewed as the set of matrices 

fh,o 



(3.1) 



b = 



62,1 



b n ,0 On, 



V 1 







b n ,£ 
/ 



whose rows are elements of CP , and whose [l + 1) x [t + 1) minors satisfy certain 
dependency conditions, see ^| Prop. 9.2.2]. 

Given S C [n + 1], let N S {T) = N s (b) denote the submatrix of [EH)l with 
rows specified by S. Let rank iVg(T) be the size of the largest minor with nonzero 
determinant. Define the multiplicity of S in T by 



(3.2) 



m s (T) = \S\ -rankiV s (T). 
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Call S dependent (in type T) if ms(T) > 0. For such S, the linear polynomials 
{ctj | j £ S} are dependent. For q < n + 1, let Dep(T) g denote the dependent sets 
of cardinality q, and let Dep(T) = (J Dep(T) 9 . If T' is a combinatorial type for 
which Dep(T) C Dep(T'), let Dep(T,T) = Dcp(T') \ Dep(T). Terao Q3] showed 
that the combinatorial type T is determined by Dep(T)£ +1 , but dependent sets of 
both smaller and larger cardinality arise in our considerations, see Example 13.41 
Let 

Dep(T); = {Se Dep(T) g | f| H 3 + 0} 

jes 

and let Dep(T)* = U,jDep(T);. If S 6 Dep(T)*, then codim(f) jeS Hj) < \S\. 
If T is a combinatorial type for which Dep(T)* C Dep(T')*, let Dep(T',T)* = 
Dep(T')* \ Dep(T)*. If \S\ >i + 2, then S £ Dep(T) but S G Dep(T)* if and only 
if every subset of S of cardinality I + 1 is dependent. It is convenient to work with 
these smaller collections of dependent sets. 
Define endomorphisms of A' R (Q) by 

(3.3) w'(T)= J2 m s(T)-u' s and w B (T',T)= ]T m s (T')-c^. 

SeDcp(T) SeDcp(T',T) 

These are cochain homomorphisms of the Aomoto complex by Proposition 12.31 
Since Dep(T)* = Dep(T) 9 for q < £ + 1, we have 

(3.4) w'(T)= J] m s (T)- W Janda;*(T' ! T)= ^ m s (T')-^. 

SeDop(T)* SeDcp(T',T)* 

Theorem 3.1 ( 5 ). The endomorphism Q\(T' ,T) is induced by the specialization 
u>x(T' ,T) := u l (T\T)\y j ^\ j of the endomorphism u e (T' ,T). 

Denote the cardinality of S by s — \S\. For 1 < r < mm(£, s — 1), consider the 
combinatorial type T(S, r) defined by 

T e Dep(T(5, r))* \TnS\>r + l. 

This type is realized by a pencil of hyperplanes indexed by S with a common 
subspace of codimension r, together with n — s hyperplanes in general position. 
Note that for r = 1 the hyperplanes in 5* coincide, so T(S, r) is a multi- arrangement. 

Theorem 3.2. Let T' be a degeneration of a realizable combinatorial type T . For 
each set Si S Dep(T',T)*, let n be minimal so that Dep(7"(iSj, vi))* C Dep(T')*. 
Given the collection {(Si,ri)} there is a unique pair (S,r) with r = min{ri}, 
Dep(T(5, r))* c Dep(T')*, and for every pair (Si,ri) where r» = r, Si C S. 

Proof. Terao JS] classified the three codimension one degeneration types in the 
moduli space of an arrangement whose only dependent set is the minimally depen- 
dent set T of size q + 1. 

I: \SHT\ < q- 1 for all S 6 Dcp(T,T)*; 
II: {(to, T k )\m^ T} for each fixed k, 1 < k < |T|; 
III: {(to, T k ) | 1 < k < \T\} for each fixed m £ T. 

If q = 1, then Type II does not appear. Recall that = (ii, . . . ,ik, . . . , if 
T = («x, • • • j iq+i), and note that m G [n + 1] in cases II and III above. 

It follows from our analysis of the corresponding types in general 5 that if a 
Type II degeneration is present, then the value of r decreases and there is a unique 
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set of maximal cardinality with minimal r. In the other types, r remains constant, 
but a unique dependent set of T increases in T' . □ 

Definition 3.3. Let T 1 be a degeneration of T . We call the pair (S,r) which 
satisfies the conditions of Theorew XH. 6 A the principal dependence of the degeneration. 

Example 3.4. Let T be the combinatorial type of the arrangement A of 4 lines 
in C 2 depicted in FigureQ] Here Dep(T)* = {123}. 

123 1234 12 3 123 




A Ax A 2 A 3 

Figure 1. A line arrangement and three degenerations 



The combinatorial types % of the (multi)-arrangements Ai shown in Figure ^ 
are degenerations of T. For these degenerations, the collections {(Si,ri)} and 
corresponding principal dependencies (S, r) are given in the table below. 







(S,r) 




(345,2) 


(345,2) 


% 


(12,1), (124, 2), (125, 2) 


(12,1) 


% 


(124, 2), (134, 2), (234, 2), (1234, 2) 


(1234,2) 



For the combinatorial type T(S,r), write w'(S,r) = uj'(T(S,r)), see l|3.4[l . 
In Theorem 15.11 below, we show that the Gauss-Manin endomorphism £l\(T',T) 
of (|l.l(l is induced by the specialization of cu e (S,r) at T-nonresonant weights A, 
UJ\(S, r). First, we solve the eigenvalue problem for the latter endomorphism. 

4. DlAGONALIZATION 

The purpose of this section is to solve the eigenvalue problem for u> q x (S,r), the 
endomorphism of the Orlik-Solomon algebra obtained by specializing to q (S,r) at 
generic weights A = (Ai, . . . , A„). This allows calculation of the eigenstructure of 
the induced endomorphism in cohomology, fl\(S, r), which is related to the Gauss- 
Manin endomorphism in Theorem l5.ll First, we establish several technical results 
concerning the endomorphism u q (S, r) of the Aomoto complex itself. Recall that 
these endomorphisms are given explicitly by 

u'(S,r)= ^ m K (S,r) ■ lo' k , 

where mj<-(5, r) is the multiplicity of K in type T(S,r), see (|3.2|l . and lo' k is given 
in Definition 12. 21 It follows from Proposition ^. 31 that lu'(S, r) is a chain map. Note 
that u q (S,r) = for q < r. 
Given (S, r), define 

n,r= E " q ^)- 

TCS 
\T\=r+l 

Note that f j r = uj r (S,r). For q > r, the endomorphisms ui q (S,r) satisfy the 
following recursion. 
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Lemma 4.1. For q>r, we have 



a-r-1 / i ; 1 
' r + k — 1 



k=0 



Proof. If T c [n] satisfies \T\ = r+ 1, then Dep (T(T, r))* = {if | X D T}, and it is 
readily checked that m^(T, r) = 1 for each such K. Hence, u q (T,r) — J^kdt^K' 
and we have 

n, r = E E< = E 



tcs KDT \KnS\>r+l 

\T\=r+l - II- 



If l-K" H i5| = r + p, then w^- occurs (£+1) times in this sum, so 



n,= E <* = E E 

\KnS\>r+l p>l \KnS\=r+p 



r +p 
r + 1 



If K e Dep(T(5, j))*, then \K R S\ > j + 1, and m K {S,j) = \K n S\ - j. It 
follows that uj q {S,j) = T,\KnS\>j+i(\ K n s \ ~ J^k- Hence, 



»— 1 / 1 I 1\ a— r— 1 / 1 ; 1 



E " E E E 

fe=0 V 7 fc=0 i>k+l \KnS\=r+i 

Rewriting this last sum, we obtain 



f( r+ !; _1 W+*)-E E E( r TV»*- 

fc=0 V 7 p>l \KDS\=r+p 3=0 

A straightforward inductive argument shows that 5Zj=o ( r+ j _1 )(P — j) = C+i)' 
which completes the proof. □ 

Given S, recall that 77s = Y^ies V i€i ancl 2/s = EteS f< = 
Lemma 4.2. Let J C S and L C [n] \ 5. Tften 

^ , v fo tf|J|<r-l, 
S ' A J A ^ \ ( r + P )y S e jex - (^M^e* if \J\ = r+p, where p>0. 

Proof. Given (J,L), it follows from Definition 12 . 21 that u) q K (ejei)) ^ only for the 
following K: 

C 41 n (J fe ,i,n+1), (J,L k ,n + 1), 

(i,J,L), (J, L, n + 1), (i, J k ,L,n+ 1), (i, J,L k ,n+ 1), 

where i ^ (J, L). 

If 1-7"] < r - 1, then |isT n 5| < r for each of the above K, so T £ K for all T C S 
with |T| = r + 1. It follows that ui q (T,r)(ejeL) — for each such T. Consequently, 
n, r (eje L ) = 0. 

Let T C S be a subset of cardinality r + 1, and note that r = YIkdt^K' so 
r — J2tcs where the sum is over all T C 5 with |T| = r + 1. Given such 
a T, if |T fl J| < r — 1, then none of the sets K recorded in (|4.1|) contains T. It 
follows that y q Tr {eje L ) = if \T n J| < r - 1. 
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Suppose | J | = r. If | J fl T\ = r, then T = (i, J) for some i & S\J, and 

q—r 

^ q T . r {e.je L ) = U(i,j,L)(ejeL) + ^2u(i,j,L k ,n+i)(eje L ) 



k=l 

q — r 



= Vid{e % eje L ) + ^2(-l) r+k y i e l eje Lk 

k=l 

= Vieje L - y l e l d{eje L ) + (-1)' "y l e i ejde L = y%eje L - yiei(dej)e L . 
Therefore, using the identity yjej = rjjdej, we have 

^sA e J e L) = E *T,r( e J e i) = E (y* e J e L ~ yi e i(9ej)e L ) 

TcS t£S\J 

= (ys ~ yj)eje L - (r) S - rjj)(dej)e L = yseje L - T] S (dej)e L . 

Now, assume that \ J\ = r + p for somep > 1. As above, we have r (ejei) = 
if \T n J\ ^ r, r + 1. If \T n J| = r + 1, then T C J and all of the sets K of gTJ 
contain T. In this instance, ^^(ejej,) = tp(ejei), where 

1p = ^(J,L) + U(J,L,n+l) + E \ W (.(J,L)k,n+l) + E W (i,(J,L) k ,n+l) 

k=l i£(J,L) 

Writing J = (T, J'), a calculation reveals that r (e.jeL) = ^(ejei,) = yrej&L- 
If |T n J| = r, then T \ T n J = {t} for some t€ S\J. For such T, of the sets 
from (|4.ip . only (t, J, L), (t, J}., L, n + 1) for jk T, and (t, J, n + 1) contain 

T. This observation, and a calculation, yields 

q — r— p 

*S>(ejei) = ( <*>(t,J,£) + X) + X! w (t,-/,ifc,"+l)) ( e J e i) 

3k <t? k=l 
r+p 

= (u(t,J,L) +^2^(t,(J,L) h ,n+l) ~ E W (t:Jfc,i,™+l))( e J e i) 
fc=l Jk&T 

= Vteje L - E (-l) fe ~ 1 y t e t ej (t e i . 
Summing over all T C S 1 with \T fl J| = r, we obtain 

r 

E *T,r(ejeL)= E E (y^-Ec-ir-W^) 

|Tn,7|=r tes\J Ac[r+ P ] i=i 

|A|=r 

i \ r+p / I 



r 



(ys - y,j)eje L - E E^ 1 ^ 1 ( r i )yt e t e Jk e L 



tes\jk=i 



7 +p j(vs - y.j)eje L - E ( r ^ P i jyt e t( 5e j) e i 

r+p\ fr+p-l\ fr+p-l\ 

\yseje L -\ Jyjeje L -{ _^ Jvs{oe,j)e L . 
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Recall that ^ r ^ r (ejei,) = yrejeL for T C J. Summing over all T C J, we obtain 
ErcJ*T,r(ejei) = (^"^i/jejei. Therefore, 

n,( e ^) = (E*T,,)(e./ e L) = (E *T,,+ E *T,,)(^) 
TCS \T\=r \T\=r+l 

r+p\ fr+p-l\ 
r Jyse.je L -l _ Jrjs{oej)e L 

if \ J\=r+p. □ 

Let A = (Ai, . . . , X n ) be a collection of weights, and consider the endomorphism 
u>i(S,r) : A q (Q) A q (Q) of the Orlik-Solomon algebra obtained by specializing 
ui q (S,r) at A. Given S, we abuse notation and write r]s = Eies ^ e «- R- ecau the 
spanning set B q /(X) = V|' r (A) [j W^ r (A) of A q (G) from Lemma El 

Theorem 4.3. Let X be a collection of weights satisfying As ^ 0. Then the spe- 
cialization, tU\{S, r), of uj q {S,r) at X is diagonalizable, with eigenvalues and As. 

1. The 0-eigenspace is spanned by the set of vectors V|' (A) and has dimension 

f s \ f n ~ s \ (s — l\/n — s 
f^ \p)\1-p) V r )\<l- r 

2. The Xs-eigenspace is spanned by the set of vectors W|' r (A) and has dimen- 
sion 

min(g,s) / \ / \ / ,\ / 

y-\ I s \ I II •■ s \ I s — I \ I n - s 



p=r-\-l 



pj \q—pj \ r J \q — r 



Proof. By Lemma |2~1 the set of vectors B q /{X) = V|' r (A) |J W|' r (A) spans the 
vector space A q (Qf l ). So to establish this result, it suffices to show that these 
vectors are eigenvectors of the endomorphism ^(S, r), and that the dimensions of 
the eigenspaces are as asserted. We will prove this by induction on q — r. 

For ease of notation, we will suppress dependence on A in the proof, and, for in- 
stance, write simply uj q (S, r) — u\{S, r) and ^ q s r = ^ q s r \ yj ^\ j . Using Lemma l2~Tl 
it suffices to consider the case S C [n]. Let J C S, K C [n] \ S, and recall that 

V q / = {eje K | |J| < r - 1} \J{n s eje K \ \ J\ = r - 1} and 

W q / = {e s e K (if q > s)} \J{(de.j)e K | | J| > r + 1} \J{r) S eje K \ \ J\ > r}. 

In the case q — r — 0, we have Vg r = {eje^ | | J < r — 1} \J{r]sej \ \ J\=r— 1}, 
W r / = {dej \J\=r+ 1}, and u r (S,r) = ^ r Sr . By Lemma IO if \ J\ < r - 1, 
then ty r s r (ejCK) = 0. If \J\ = r— 1, then, using Lemma f4 . 21 again . we have 

*s,r( 7 ?sej) = ^2 ^s,r( e i e j) = E M-^ejej ~ ■nsd{e i e J )) 
ies ies 

= As?/se,/ - ^2 X ^s{e.j ~ eidej) 
ies 

= ^sVsej - X s r]sej + n s r]sdej = 0. 
Thus, every element of E r (Q) = span Vp r is a 0-eigenvector of u> r (S, r). A straight- 
forward exercise reveals that dim £7(0) = J2l=o (fc) (r-fe) _ (V)- If I J l = r + h 
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then, using Lemma 14.21 again . 

r+1 r+1 
k=l k=l 

= X s dej - iisd 2 ej = \ s dej 

Thus, every element of E r (Xs) — spanVVg r is a Ag-eigenvector of ui r (S 7 r). Note 
that dimE r (\ s ) = ( s ; 1 ). Since dim E r (0) + dim E r {X s ) = dimA r (^), the above 
calculations establish Theorem 14. 31 in the case q — r = 0. 

If q — r > 1, then by induction, for each k > 1, uj q (S, r + k) is diagonalizable, with 
eigenvalues and As, and corresponding eigenspaces E r+k (0) = spanV s +fe,r and 
E r+k (Xs) — spanW s +fe ' r . In the determination of the eigenstructure of uj q (S,r), 
we will use the recursion provided by Lemma l4.1l in the following form: 

(4.2) w*(S,r)=9% r - £ ( T + k ~% q (S,r + k). 



k=l 



First, consider the 0-eigenspace of the endomorphism uj q (S,r). If |J| < r — 1, 
then by 1(4.2(1 . Lemma T4. 21 and induction, we have 



u q (S,r)(e J e K )=y g Str (eje K )- £ (*" + \ ^(S^ + k)(eje K ) = 0, 

If | J\ = r — l, then Lu q {S, r + k)(risejeK) — for k > 1 by Lemma PL"2l Using 
and Lemma 14.21 we have 



' r + k — 1 



u q (S,r)(TisejeK) = ^ q s A^ sejeK ^ ~ E ( i. )^ q (S,r + k)(Tjseje K ) 

k=l ^ ' 

= f 9 s, r (vseje K ) = ^2X l ^ q Sr (e i e J e K ) 

= ^[XiXseiejex - Xir] S d(eiej)eK] 
ies 

= X s rjse.je K - 2J X l T] S eje K + 2J X l rj S e l {de. J )e K 



ies ies 
= X s r]seje K - X s r] S ejeK + r]Sils(dej)e K = 0. 

Next, consider the Ag-eigenspace. If g > s, we must show that ese-K is an 
eigenvector of u; 9 (5, r) corresponding to the eigenvalue As for each iif C [n] \ S 
with \K\ = q — s. By induction, we have u q (S,r + fc)( e S e if) = Xsesex for each 
k > 1. By LemmaE21 we have x P| r (eseA') = QAsese^ - (? r Z\) r lsde.seK- Since 
"Hsdes = Ases, we have 5'sr( e s e ^) = C^ 1 )^-? 6 -? 6 ^- Hence, by 14.2(1 . we have 

- 1 fr + k-l 

k=l ^ 

S — 1\ . S v"^ 1 (t + fc — 1 



? (5,r)(eseK) = *|, r (eseK)- E ( fc J r + fc)(e S e*) 

|AseseR-- E I ^ I ) Asese^r = Asese^, 



fc=i 
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using the binomial identities 

'N + k\ (N+p+l\_(N+p+l 
P J ~ V N+l 



E 

k=0 



with N = r — 1 and p = s — r — 1. 

If | J | > r + 1, we must show that uj q (S,r)(dejeK) — As<9eje/f. Suppose \ J\ = 
r + p + 1 for some p > 0. Then, by Lemma 14.21 we have 

r+p+l 

i=l 
r+p+l 



r + p 
r 



Xs(dej)e K - 



r + p — 1 
r- 1 



r + p — 1 
r - 1 



= E Mr 1 

i=l 

'r + p 
r 

'r+p 
r 

By induction, we have 

^s{dej)eK if 1 < k < p, 
ifp+l<k<s-r-l 

So using the recursion 14.21) and the identities (@J, we obtain 



w«(S,r + fc)((S ej )eA:) 



W 9 (^,r)((aej)e^) 



r+p 

T 



^s(dej)e K - 22 



k=l 



r + k-1 



\s{dej)eK 



Xs(dej)e K - 



If |J| > r, we must show that Lo q (5, r)(j]sejeK) = ^sVsejZK ■ Suppose |J| = r+p 
for some p > 0. Then, by Lemma 14.21 we have 



ies 

E^ 



r+p+l 
r 



Xseie.je K 



r+p 
r - 1 



Vsd(eiej)e K 



r+p+l 
r 

r+p+l 
r 

r+p 
r 



XsVseje K - [ T ^) E X iVs(e,j - eidej)e K 



ies 



r + p 
r - 1 



r+p 
r-l 



VsVs(dej)e K 



By induction, we have 

? / c . ,w \ f^sVsejeK ifl<fc<p, 

I itp+l<fc<s — r — 1. 

So using the recursion 1|4.2|) and the identities J3J, we obtain ui q (S,r)(r]sejeK) 
XsVsejeK as above. 



GAUSS-MANIN CONNECTIONS FOR ARRANGEMENTS, IV 



13 



Thus the vectors in the sets V|' r (A) and W|' r (A) are eigenvectors of cu q (S,r) 
corresponding to the eigenvalues and As as asserted. Since these vectors span 
A q (Gn) by Lemma 12.41 it remains to compute the dimensions of the eigenspaces 
E q (0) = span V|' r and E q (Xs) = span W|'' corresponding to these eigenvalues. 

If | J\ = p and | J\ + \K\ = q, then spanjeje/f | J C S, K C [n] \ S} has dimension 



If | J| 
dimension 



n — 
PJ \Q - P/ 

p + 1 and | J| - 1 + \K\ = q, then span{(dej)e K \ J C S, K C [n] \ S} has 



If \J\ = p 
dimension 



dimim[5: A P+1 {G S S ) -> A P (G S S )\ 
- 1 and |J| + 1 + \K 



n — s\ { s — 1\ ( n — s' 

q-p) v p )\q-P/ 

q, then spa,n{r]sejeK \ J C S, K C [n] \ S} has 



dim ker^ : A P (Q S S ) -> A p+1 (g s s )} 



q 



s-l 

p 



Using these calculations, it is readily checked that 
dim^^O) 



dim E q (As) 



E 

min(g.s) 

E 

p— r+l 



s - 1 
r 



and 



The fact that dim £9(0) + d\m.E q {\ s ) = dim A q (G e n ) = ( n q ) may be checked using 
the binomial identities 



k 

E 

p=0 



N 
k — p 



m + N 
k 



N 
k + p 



and 

with m — s, N — n — s, and /c = q in the case q < s, and to 
k = n — s — q in the case q > s. 



to - 
m 



iV 
- r 



AT 



m + N 
N -k 



n — s, and 
□ 



\l n = I and A ^ 0, the complex (^4'(£),eA) is acyclic. So assume that n > £. 
Then, for A / 0, the cohomology of this complex is concentrated in dimension 
£, and dimi2^(£0 = ( n ~ 1 ). Let p = p g : A e (g) -> ^(^) denote the projection. 
Since uj\(S, r) is a chain map, the kernel of this projection, ker(p) C A e (Q), is an 
invariant subspace for oj £ x(S, r). 

Lemma 4.4. Let T : V — > V be an endomorphism of a finite dimensional (com- 
plex) vector space, and V an invariant subspace. If T is diagonalizable, then the 
induced endomorphism T" on the quotient V" = V/V is also diagonalizable, and 
the spectrum of T" is contained in the spectrum of T . 

Proof. Let T" denote the restriction of T to V, and let tt : V — > V" be the projec- 
tion. The vector space V admits a basis B — {vx, . . . , vu, Vk+lt ■■-,"«} for which 
B' = {v%, . . . , Vk} is a basis for the subspace V and B" = {^{vk+i), ^{v n )} is a 
basis for the quotient V". The matrix of T relative to the basis B is 

A-( A ' * 
A - { A" 
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where A' is the matrix of T" relative to B' and A" is the matrix of the induced 
endomorphism T" relative to B" . 

Let 7*1, . . . ,r m be the distinct eigenvalues of T . Since T is diagonalizable, the 
minimal polynomial p of T factors as pit) = {t — r%) ■ ■ ■ it — r m ). The polynomial p 
annihilates the matrix A of T, p(A) = 0. Using the block decomposition of A above, 
it follows that p also annihilates the matrix A" of T", p(A") — 0. Consequently, the 
minimal polynomial p" of T" divides p. Hence, p" is of the form (t — ) • • • (t — ri j ) , 
T" is diagonalizable, and the eigenvalues of T" are among the eigenvalues of T. □ 

For an arrangement A of arbitrary combinatorial type T, and T-nonresonant 
weights A, we recall the /3nbc basis of [7] for the single nonvanishing cohomology 
group H e iT) — H e iM; £). Recall that the hyperplanes of A — {Hj}J =i are ordered. 
A circuit is an inclusion-minimal dependent set of hyperplanes in A, and a broken 
circuit is a set T for which there exists H < min(T) so that TU {H} is a circuit. A 
frame is a maximal independent set, and an nbc frame is a frame which contains no 
broken circuit. Since A contains I linearly independent hyperplanes, every frame 
has cardinality I. The set of nbc frames is a basis for A l iT). An nbc frame 
B = (Hj t , . . . ,Hj e ) is a /3nbc frame provided that for each k, 1 < k < £, there 
exists H £ A such that H < Hj k and (B \ {Hj k }) U {H } is a frame. Note that these 
constructions depend only on the combinatorial type T of A, and let /3nbc(T) be 
the set of all /3nbc frames of an arrangement of type T. 

Definition 4.5. Given B = (H jx) . . .,H jt ) in /3nbc(T), define £(B) G A\T) by 
£(B) = Ap =1 axiX p ), where X p = f| fe=p H Jh and a\(X) = J2xch, ^ a »- Denote the 
cohomology class of £(-B) in H l iT) = iJ £ (A*(T), a\) by the same symbol. The set 
{£(-8) | B e /3nbc(T)} is the /3nbc basis for H e iT). 

Theorem 4.6. Let S C [n + 1] be a subset of cardinality s, and fix r, 1 < r < 
min(£, s — 1). For Q -nonresonant weights A satisfying As ^ 0, the endomorphism 
Q\iS,r) of B iff) induced byu! e x iS,r) is diagonalizable, with eigenvalues andXs- 
The dimension of the Xs-eigenspace is 

P hi Wl ^-p J + \ r ){ i-r y 

and the dimension of the 0-eigenspace is 




Proof. By Theorem 14 . HI and Lemma T4. 41 the endomorphism tt\(S, r) is diagonaliz- 
able, with spectrum contained in {0, As}. 

Let I = {7 = (ii, . . . , it) | 1 < i\ < i% ■ ■ ■ < %i < n}. Then {ej | J € 1} is the nbc 
basis of A^(^) and {^j = A ix • • • A i£ ej | 7 e 1, 1 £ 1} is the /3nbc basis of 7f*(£). 
The projection p : — > 77 ((/) is given by 

f )= f (An-'-AiJ-^j if 1^7, 

l-fAix-'-A^J^E^j^ if 16 7. 

Using Lemma l2.ll we can assume that S C [2, n\. Since pouj e x iS, r) = £l\iS, r)op, 
if v is an eigenvector of w£(5, r) and ^ 0, then p(v) is an eigenvector of £l\(S, r). 
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Let J C S and K C [2, n] \ S. Note that 1 ^ K. Then one can check that the 
O-eigenspace of Q,\{S, r) is spanned by 

{p(eje K ) | \J\<r- l}\J{p( Vs eje K ) \ \J\ = r - 1}, 

that the As-eigenspace of Q\(S,r) is spanned by 

{p(e s e K ) | if i > s} \J{p((dej)e K ) \ \J\ > r + 1} \J{p(v S eje K ) \ \J\ > r}, 

and that the dimensions of these eigenspaces are as asserted. □ 

Example 4.7. Let n = 5, I = 2, S = {3,4, 5}, and r = 1. By Theorem 1431 for £- 
nonresonant weights satisfying As ^ 0, the endomorphism £l\(S, r) of H 2 (Q) ~ C 6 
is diagonalizable, the As-eigenspace is 5-dimensional, and the O-eigenspace is 1- 
dimensional (note that = if p < q). Calculating as in the proof of Theorem l4.6l 
we find that the As-eigenspace has basis 

p(A2A 3 A 5 ((9e3,5)e2) = A 5 6,3 - A 3 6,5, p(-A 3 ?73,4,5e3) = 6,4 + 6,5, 

p(A 2 A 4 A 5 (<9e4,5)e 2 ) = A 5 £ 2 ,4 - A 4 6,5, p(A 5 ??3,4,5e5) = 6,5 + 6,5, 

p(A 3 A 4 A 5 i9e3 ; 4 : 5) = A 5 6,4 — A 4 6,5 + A36.5, 
and the O-eigenspace has basis 

p(AiA 2 ei, 2 ) = 6,3 + 6,4 + 6,5- 

5. Nonresonant eigenvalues 

In this section, we prove that the Gauss-Manin endomorphism Vt\(T' , T) of 
is diagonalizable and determine its eigenvalues. We accomplish this by showing that 
the endomorphism Cl\(T' ', T) in the commutative diagram (|1.2I) may be replaced by 
the endomorphism fl\(S, r), whose eigenstructure was computed in Theorem 14.61 

For an arbitrary type T, let I*{T) be the corresponding Orlik-Solomon ideal, so 
that A'(T) ~ A'(g)/I'(T). The natural projection of A'(G) onto A*{T) is a chain 
map 7r : (A'(Q), e\) — > (A*(T), a\) which, for T-nonresonant weights A, induces the 
projection r : H e (Q) — > H e (T) upon passage to cohomology. If p g : A e (Q) — > H e (Q) 
and p T : A^(7") — > H l {T) are the projections, then r o p g — p T o tt. 

Theorem 5.1. I/7~' is a degeneration of T with principal dependence (S,r), then 
VL\(T' ', T) o r = r o 57x(S', r). In other words, the following diagram commutes: 



H e (Q) — H l {T) 



H e (Q) — H e (T) 

Proof. As noted in the introduction, the Gauss-Manin endomorphism Vt\{T' ,T) 
of £T £ (T) is induced by the endomorphism f2 A (T',T) of see g, Thm. 7.3] 

and HI .2p . In turn, f2x(T',T) is the map in cohomology induced by the cochain 
endomorphism ui^(T',T) of the complex (A'(Q),e\), see Theorem 13.11 The map 
u>\(T', T) also induces a cochain endomorphism ui\{T' , T) of (A'(T), a\), and the 
Gauss-Manin endomorphism Q,\(T',T) may be realized as the map in cohomol- 
ogy induced by the latter, see Thm. 7.1]. In summary, we have the following 
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commutative diagram. 



n 



A (T) 





H {Q) 



T 



H (T) 



(5.1) 



7T 





H e (G) 



T 



To establish the theorem, it suffices to show that the endomorphisms o;^(T',T) 
and ^{S, t) of A'(Q) induce the same endomorphism of A'(T). 

The Orlik-Solomon ideal I'(T) gives rise to a subcomplex I R [T) = I'(T) £g> R 
of the Aomoto complex A R (Q), with quotient A R (T), the Aomoto complex of type 
T. Since uj^(T',T) and w^(5, r) are specializations at A of the corresponding 
cndomorphims of the Aomoto complex A R (Q), it is enough to show that lu'(T' ,T) 
and Lo'(S,r) induce the same endomorphism of A R (T). 

By Theorem 13.21 there are dependence pairs (S 1 ,,^), 1 < i < k, such that 



DepCT^n))* c Dep(T)* andDep(T')* = Uto Dep(T(S 4 , r,))*, where {S ,r ) = 



(S, r) is the pair of principal dependence. It follows that there are constants Cj so 
that uj'(T') = Lj'(S,r) + £* =1 c* ■ u:'{S tl n). 

If Bcp(T(S t ,r,))* C Dep(T)*, it follows from Theorem PI that the image of 
uj m (Si,ri) : A' R (Q) — > A* R (Q) is contained in I R (T). Consequently, the endomor- 
phisms uj*(T') and ui*(S, r) of the Aomoto complex A m R (T) induced by ui'(T') and 
w'(S, r) are equal. 

Finally, w*(T) = w*(T',T) + w*(T), see (J221)- It follows from the definitions 
that the image of lu'{T) is also contained in I R (T). Hence, the endomorphisms 
U)'(T') and u)'(T',T) of A R (T) induced by w*(T) and lo'{T',T) are equal. □ 

Theorem 14 . 61 and Theorem 15 . II yield the result stated in the introduction. 

Theorem 5.2. LetT' be a degeneration ofT with principal dependence (S,r), and 
A a collection of T -nonresonant weights satisfying \$ ^ 0. Then the Gauss-Manin 
endomorphism Q,\(T',T) is diagonalizable, with spectrum contained in {0,As}. 

Proof. By Theorem 14.61 the endomorphism Q,\ (S,r) of H l (Q) is diagonalizable, 
with eigenvalues and Ag. By Theorem 15 .11 we have Q\(T' , T) or = r o £l\(S, r). 
Checking that ker(r) C H e (Q) is an invariant subspace for fl\(S, r), the result 
follows from Lemma f4. 41 □ 

Remark 5.3. The Gauss-Manin endomorphism £l\(T',T) of H e (T) is determined 
by the endomorphism £lx{S 7 r) of H t {Q) and the projection r : H l {Q) — » H e (T) 
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via the equality fix (T', T) or = r oQ\(S, r). Together with the explicit description 
of the eigenstructure of £l\(S,r) provided by Theorems 14.31 and 14 . 61 this yields an 
algorithm for finding the (geometric) multiplicities of the eigenvalues of fl\(T', T). 

The Gauss-Manin connection V = ®T' , T) on the vector bundle H — » 

B(T) with fiber H l (T) corresponds to a monodromy representation : k\(B(T)) — > 
Autc(H e (T)) . For a degeneration T' of T, let jt 1 € ni(B(T)) be a simple loop in 
B(T) around a generic point in B(T'). Then the automorphism v I / (7t') is conjugate 
to exp(— 27rif2\(T', T)J, see for instance (jjQ Prop. 4.1]. Theorem 15 . 21 yields : 

Corollary 5.4. LetT' be a degeneration ofT with principal dependence (S,r), and 
X a collection of T -nonresonant weights satisfying As ^ 0. Then the automorphism 
^(7T') is diagonalizable, with spectrum contained in {1, exp(— 27T i As)}. 

We conclude with several examples which illustrate these results. 

5.5. Codimension zero. Recall that Q denotes the combinatorial type of a gen- 
eral position arrangement of n hyperplanes in C , and that n > I. Weights 
A = (Ai, . . . , A„) are (/-nonresonant if Xj ^ for each j. If n = £, then H'(Q) = 0, 
so we assume that n > I. Then dimff £ (C?) = The moduli space B{Q) 

has codimension zero in (QP) n , and consists of all matrices b for which every 
(£ + 1) x (£ + 1) minor is nonzero, see 1|> . For general position arrangements, 
the Gauss-Manin connection was determined by Aomoto and Kita 0- The corre- 
sponding connection 1-form is given by V = ^2 Ot ® fl\(T, Q), where the sum is 
over all I + 1 element subsets S of [n + 1], T = T(S, I + 1), and 0t is a logarithmic 
1-form on (CP^) n with a simple pole along the divisor defined by the vanishing of 
the (£ + 1) x (I + 1) minor of b with rows indexed by S. Theorem 14 . 61 gives : 

Proposition 5.6. Let S be an £+1 element subset of [n], let T — T(S,£+ 1), and 
X a collection of Q -nonresonant weights satisfying As ^ 0. Then the Gauss-Manin 
endomorphism Q\(T,G) is diagonalizable, with eigenvalues and As- The dimen- 
sion of the \g-eigenspace is 1, and the dimension of the 0-eigenspace is ("T ) — !• 

5.7. Codimension one. If T is a combinatorial type for which the cardinality of 
Dep(T)£ + i is 1, then the moduli space B(T) is of codimension one in (CP )". Write 
Dep(T)f + i = {K}. As shown by Terao ^H], noted in the proof of Theorem 13.21 
and illustrated in Example 13.41 the combinatorial type T admits three types of 
degeneration T — T(S,r). The principal dependencies of these degenerations are 
as follows. 

I: (S,£), where \S\=£+1 and \SnK\<£-l; 
II: (S, £ - 1), where S = K pi for each p, 1 < p < I + 1; 
III: (S, £), where S = (to, K), for each to € [n + 1] \ K . 

For the combinatorial type T and T-nonresonant weights A, the Gauss-Manin 
connection was determined by Terao |15|. The corresponding connection 1-form 
is given by V = <£> Q\(1~',T), where T' ranges over the three types of 

degeneration of T noted above. In [TJ], Terao also found the eigenvalues of the 
endomorphism £l\ (T', T) and their algebraic multiplicities. If A satisfies As ^ 
for each of the principal dependence sets S recorded above, Terao's result concerning 
the eigenstructure of the endomorphism S!a(T', T) may be strengthened as follows. 
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Proposition 5.8. Let T be a combinatorial type of codimension one, let T = 
T(S,r) be a degeneration ofT, and A a collection of T-nonresonant weights satis- 
fying As =/= 0. Then the Gauss-Manin endomorphism Q\(T' , T) is diagonalizable, 
with eigenvalues and As- 

1. If T' is a degeneration of type I, the dimension of the As-eigenspace is 1, 
and the dimension of the 0-eigenspace is dim H l (T) — 1 = — 2. 

2. If T' is a degeneration of type II, the dimension of the As-eigenspace is 
n — £ — I, and the dimension of the 0-eigenspace is — n + £. 

3. If T' is a degeneration of type III, the dimension of the As-eigenspace is I, 
and the dimension of the 0-eigenspace is (J 1 ^ 1 ) — £ — 1. 

Proof. By Theorem 15 .21 the endomorphism Vt\(T' ,T) is diagonalizable, with spec- 
trum contained in {0, As}. 

Without loss, assume that Dep(T)£ + i = {K}, where K = [£+ 1]. Then the nbc 
basis of A e (T) consists of monomials aj, where 7 C [n], |7| = £, and 7 ^ [2,£ + 1]. 
Write F = [2,£ + 1]. The projection tt : A l (Q) -> A e (T) is given by 



The /3nbc basis for H e (T) consists of monomials £/, where 7 C [2,n], 7 = £, and 
I F. The projection p = p T : A l {T) — > H e (T) is given by 



If T' is a degeneration of type I with principal dependence (S,£), then S D K \ < 
£ — 1 and we can assume that SDK C [3,^+1]. By Theorem l4.3l the endomorphism 
uj x (S,£) of A l {Q) is diagonalizable, with eigenvalues and As- The 0-eigenspace 
is spanned by {cjcl \ \ J\ < £ — ^{Jivsej \ \J\ = £ — 1}, where J C S and 
7 C [n] \ S, and the As-eigenspace is spanned by des- By Theorem 15.11 the 
endomorphism il\(T', T) of 77 ( 7") satisfies £l\(T' , T) o p o tt = p o tt o ui x (S, £), see 
(15.111 . Write S — (s%, . . . , s^+i). Calculations with the projections tt and p yield 

p o Tr(de s ) = (A Sl • • • A se+i y 1 d£, s , 

p o Tr(e,je L ) = (A^ • • • A^)' 1 ^^, where 7 = (J, L) and I <£ L, 

pon(r]sej) = A Sl A Sp (A Sl ■ ■ ■ A^J" 1 ^ ±£sj, where J = (s 2 , . ,s*+i). 

Checking that 

{dts)} \J{£Al I J C5,|J| <£-l,Lc [2,n]\ 5} (J{^s P ± I 2 < p < £ + 1} 

forms a basis for H e (T), we conclude that the dimensions of the eigenspaces are as 
asserted for a degeneration of type I. 

If T' is a degeneration of type II with principal dependence (S, I — 1), we can 
assume that S = K\ = [2,£+ 1]. By Theorem 14.31 the endomorphism w^(S, I — 1) 
of A e (Q) is diagonalizable, with eigenvalues and As- The 0-eigenspace is spanned 
by {eje L | | J\ < £ - 2} \J{r] S eje q \ \J\=£- 2}, where J C S, 7 C [n] \ 5, q $ S, 
and the As-eigenspace is spanned by {es} \J{(des)e q | g ^ S 1 }. Note that the As- 
eigenspace oiuj x (S, £—1) has dimension n— £+1. Note also that the As-eigenvectors 




p{ai) 




if 1 i 7, 
if le 

A^ + if 1 G 7, 7 = K \ {p}. 
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dex — es — eides and e\des are annihilated by the projection poir. On the other 
hand, it is readily checked that 

(5.2) {pon((de s )e q ) \ £ + 2 < q < n} 

is a linearly independent set of (n — t — 1) As-eigenvectors for Sl\(T' ', T) in H (T). 
Additionally, one can check that the set 

(5.3) {pon(eje L ) \ J C S, | J| < £-2} |JW(^e./e 9 ) | Jc [3,M-1], |J| = €-2} 

where L C [n] \ S and g ^ S 1 , is a linearly independent set of O-eigenvectors for 
£l\(T',T) in H e (T). Checking that the dimension of the subspace spanned by the 
vectors (|5.3f) is dimfl^(T) — (n — £ — 1), since eigenvectors associated to distinct 
eigenvalues are linearly independent, the vectors (|5.2II and (|5.3I) form a basis for 
H (T). Hence, the dimensions of the eigenspaces are as asserted for a degeneration 
of type II. 

If T' is a degeneration of type III with principal dependence (S, £), we can assume 
that S — K{J{q} for some q £ [£ + 2,n]. By Theorem 14.31 the endomorphism 
uj e x (S,£) of A l {Q) is diagonalizable, with eigenvalues and As. The O-eigenspace is 
spanned by {eje L \ \ J\ < I - 1} [Jivsej | | J| = I - 2}, where J C S, L c [n] \ S, 
and the As-eigenspace is spanned by {dej \ J C S, | J\ = £ + 1}. Note that the 
As-eigenspace of £) has dimension £ + 1. Note also that the As-eigenvector 
dex is annihilated by the projection poir. Recall that F = [2,£+ 1]. Let S q denote 
the subspace of H e {T) spanned by {£/ | / C F\J{q}}, and let p q : H e (T) -> 5 g 
be the natural projection. For J C F, \J\ = £ — 1, a calculation reveals that 
p q opoTr(r] K eje q ) = A S (A 2 ■ ■ • A^+i A,)^ 1 ^,/^- Consequently, the set {poTr(r] K eje q ) \ 
J <Z F,\J\ — £ — 1} is a linearly independent set of £ As-eigenvectors for tt\(T', T) 
in H e {T). Check that the set {p o 7r(e./e L ) | J C Si, | J| < £ - 1, i C [n] \ S} is a 
linearly independent set of dim_ff £ (T) — £ O-eigenvectors for £l\(T' ,T) in H l (T). 
It follows that the dimensions of the eigenspaces are as asserted for a degeneration 
of type III. □ 

5.9. Further examples. We present three examples of higher codimension. 

Example 5.10. Let S be the combinatorial type of the Selberg arrangement A 
in C 2 with defining polynomial Q(A) — wi^^i — l)(w2 — l)( M i — depicted in 
Figure|21 See [Tl ll4lHn] for detailed studies of the Gauss-Manin connections arising 
in the context of Selberg arrangements. 




A A 1 
Figure 2. A Selberg arrangement and one degeneration 

Here Dep(S)* = {126,346, 135,245}. Weights A are 5-nonresonant if 
Aj (1 <j < 6), Ai + A 2 + A 6 , Ai + A 3 + A 5 , A 2 + A 4 + A 5 , A 3 + A 4 + A 6 £ Z> . 
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For S-nonresonant weights, the /3nbc basis for H 2 (S) is {22,4,22,5}, where H2j = 
(A202 + A4d4 + Asa^Xjdj, see Definition 14.51 Recall that Aj = The 
projection map r : H 2 (Q) — > H 2 (S) is given by 



if 
if 
if 
if 
if 

if {hj) 



(2.3) , 

(2.4) , 

(2.5) , 

(3.4) , 

(3.5) , 
(4,5). 



— ^2,4 — ^2,5 

(A2, 4^2,4 + A4^2,5)/A2,4,5 
(A5"2,4 + A2,522,5)/A2,4,5 



(— AsS 2 ,4 — A 3 ,5S 2 ,5)/Ai,3,5 
, ( — As^.2,4 + A4S2,5)/ A2,4,5 

The arrangement A' in Figure [2] represents one degeneration type S' of S. Here 
Dep(5', S)* = {34, 35, 45, 134, 145, 234, 235, 345, 356, 456}. The sets 34, 35, 45, and 
345 have r = 1, and the others r = 2. The principal dependence is (S, r), where S = 
345 and r = 1. For 5-nonresonant weights with As 7^ 0, il\(S' ,S) is diagonalizable, 
with spectrum contained in {0,As} by Theorem 15 .21 The projection r annihilates 
the 0-eigenspace of Cl\(S,r) ) and restricts to a surjection E(Xs) -» H 2 (S), where 
E(As) is the As-eigenspace of Q\(S, r), see Example 14.71 It follows that £l\(S',S) 
has eigenvalues Ag, As- Note that is not an eigenvalue of fl\(S' , S) in this instance. 

Although the eigenvalues are determined by the principal dependence (S,r), the 
same principal dependence may occur for degenerations of different types. Thus 
the multiplicities of the eigenvalues depend on the combinatorial types as well. 

Example 5.11. Consider the arrangement A of type T obtained from the arrange- 
ment A in Example l5.10l bv rotating line 1 by a (small) angle about the triple point 
135, see Figure [3J Here, lines 1 and 2 meet in afhnc space, so 126 is no longer 
dependent. This change implies that dimA 2 (T) — 7 and dim H 2 (T) = 3. 

2 5 2 
1 



1 




\ 


/ 4 




3 


A 





345 



A 1 

Figure 3. A line arrangement and one degeneration 



Weights A are T-nonresonant if 

Aj (1 < j < 6), Ai + A 3 + A 5 , A 2 + A 4 + A 5 , A 3 + A 4 + A 6 



Z 



For T-nonresonant weights, the /3nbc basis for H 2 (T) is {52,3,22,4,22,5}, where 



"2,3 



1,3 



= < 



j = (^202 


+ A4d4 + A505)Aj 


aj for j 


= 4,5. 1 


) is given 


by 






"2,3 




if 


= (2,3), 


(A2, 4^2,4 


+ A4^2,5)/A2,4,5 


if 


-(2,4), 


(A5"2,4 H 


" A2, 5^2,5)/ A2,4,5 


if (hj) 


= (2,5), 







if (hj) 


= (3,4), 


(A55 2 ,3 - 


' A3S 2 ,5)/Ai,3,5 


if (hj) 


= (3,5), 


, (— A5S24 


+ A45 2 ,5)/A2,4,5 


if (hj) 


= (4,5). 
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The combinatorial type T has a degeneration of type T similar to 5', represented 
by the arrangement A! in Figure As in Example l5.10l the principal dependence 
is (S,r), where S = 345 and r = 1. For T-nonresonant weights with As ^ 0, the 
spectrum of fix(T',T) is contained in {0,As}. Calculations with the projection r 
and the eigenspace decomposition of the endomorphism fl\(S, r) of H 2 (Q) given in 
Example 14 . 71 reveal that £l\(T',T) has eigenvalues As, As,0. 

Example 5.12. The combinatorial type S in Example l5.1L)l is a degeneration of the 
type T in Example 15. Ill The principal dependence of this degeneration is {S,r), 
where S = 126 and r — 2. For T-nonresonant weights with As ^ 0, the spectrum 
of £l\(S, T) is contained in {0, As}- A calculation shows that the eigenvalues are 
As, 0,0. It is interesting to note that As = Ai 2,6 — — -^3,4,5- 
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